On $\tilde{C}_{NJ}(X)=C_{NJ}(X)$ (Recent results of Banach and Function spaces and its applications) by 中村, 元 & 橋本, 一夫
Title On $\tilde{C}_{NJ}(X)=C_{NJ}(X)$ (Recent results ofBanach and Function spaces and its applications)
Author(s)中村, 元; 橋本, 一夫













$(X, \Vert\cdot\Vert)$ Banach . Banach $X$ von Neumann-Jordan (NJ-)
$C_{NJ}(X)$ $C$ :
$\frac{1}{C}\leq\frac{\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}}{2(||x||^{2}+||y\Vert^{2})}\leq C$ $\forall x,$ $\forall y\in X,$ $(x, y)\neq(0,0)$ .
:
(i) Banach $X$ , $1\leqq C_{NJ}(X)\leqq 2,$ $X$ Hilbert
$C_{NJ}(X)=1$ (Jordan and von Neumann [5]).
(ii) $C_{NJ}(L_{p})=2^{2/t-1}$ . , $t= \min\{p,p’\},$ $1/p+1/p’=1([2])$ .
, $X$ $\tilde{C}_{NJ}(X)$ :
$\tilde{C}_{NJ}(X)=\inf$ { $C_{NJ}(X$ , $|)$ : $|\cdot|$ $\Vert\cdot||$ }.
, :
(iii) $1\leq\tilde{C}_{NJ}(X)\leq C_{NJ}(X)\leq 2$ .
(iv) $Y$ $X$ $\tilde{C}_{NJ}(Y)\leq\tilde{C}_{NJ}(X)$ .




, $\tilde{C}_{NJ}(X)=2$ , , $\tilde{C}_{NJ}(X)=C_{NJ}(X)=2$ ,
. [13] , $\tilde{C}_{NJ}(X)=1$ ,
.
, $1\leq\tilde{C}_{NJ}(X)<2$ , $\tilde{C}_{NJ}(X)=1$
.
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2
1 Banach $X$ , $n\geq 1$ Neumann-Jordan
.
$C_{NJ}^{(n)}(X):= \sup\{\sum_{\theta_{j}=\pm 1}$
, $C_{NJ}^{(2)}(X)=C_{NJ}(X)$ . ,
([10, Theorem 5]):
(v) $1\leq C_{NJ}^{(n)}(X)\leq n$ .
(vi) $C_{NJ}^{(n)}(X)\leq C_{NJ}^{(n+1)}(X)$ .
(vii) $n\geq 2$ , $C_{NJ}^{(n)}(X)=1$ $X$ Hilbert
.
, .
1 Banach $X$ , .
$C_{NJ}^{(2^{n})}(X)\leq(C_{NJ}(X))^{n}$ for $\forall n\in \mathbb{N}$ .
$C_{NJ}(X)=C$ , $n\in \mathbb{N}$ , $S_{n}=\{1, -1\}^{\{1,2,\cdots,n\}}$ .
$n\in \mathbb{N}$ , $\sum_{i=1}^{2n}\Vert x_{i}\Vert^{2}\neq 0$ $X$ $x_{i}(1\leq i\leq 2n)$ ,
$\sum_{\sigma_{1}\in S_{2n}}\sum_{i=1}^{2n}\sigma_{1}(i)x_{i}2$
$= \sigma\sigma\sum_{2,3\in s_{n}}\Vert\sum_{j=1}^{n}\sigma_{2}(j)x_{j}+\sum_{k=1}^{n}\sigma_{3}(k)x_{n+k\Vert^{2}}$ .
,
2




$=$ $\underline{1}\sum_{\sigma_{2},\sigma_{3}\in S_{\text{ }}}\{\Vert\sum_{j=1}^{n}\sigma_{2}(j)x_{j}+\sum_{k=1}^{n}\sigma_{3}(k)x_{n+k}\Vert^{2}+\Vert\sum_{j=1}^{n}\sigma_{2}(j)x_{j}-\sum_{k=1}^{n}\sigma_{3}(k)x_{n+k}\Vert^{2}\}$ .2
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, $C$
$\Vert x+y\Vert^{2}+\Vert x-y\Vert^{2}\leq 2C(\Vert x\Vert^{2}+\Vert y\Vert^{2})$ $x,$ $y\in X$
,
$\sum_{\sigma_{1}\in S_{2n}}\sum_{i=1}^{2n}\sigma_{1}(i)x_{i}2$
$\leq$ $C \sum_{2\sigma,\sigma s\in S_{n}}\{\sum_{j=1}^{n}\sigma_{2}(j)x_{j}2_{+}\sum_{k=1}^{n}\sigma_{3}(k)x_{n+k}2\}$
$=$ $C \{\sum_{2}\sum_{j=1}^{n}\sigma_{2}(j)x_{j}2_{+\sum_{\sigma 2,\sigma}}3\in s_{n}\sum_{k=1}^{n}\sigma_{3}(k)x_{n+k}2\}$
$=$ $C \cdot 2^{n}\{\sum_{\sigma 2\in S_{n}}\sum_{j=1}^{n}\sigma_{2}(j)x_{j}2_{+\sum_{\sigma a\in S_{n}}}\sum_{k=1}^{n}\sigma_{3}(k)x_{n+k}2\}$
$\leq$ $C \cdot 2^{n}\{2^{n}C_{NJ}^{(n)}(X)\sum_{j=1}^{n}\Vert x_{j}\Vert^{2}+2^{n}C_{NJ}^{(n)}(X)\sum_{k=1}^{n}\Vert x_{n+k}\Vert^{2}\}$
$=$ $C \cdot 2^{2n}\cdot C_{NJ}^{(n)}(X)\sum_{j=1}^{2n}\Vert x_{j}\Vert^{2}$ .
$\{x_{i}\}_{i=1}^{2n}$ , $C_{NJ}^{(2n)}(X)$ ,
$C_{NJ}^{(2n)}(X)\leq C\cdot C_{NJ}^{(n)}(X)$ for $n\in \mathbb{N}$ .
, $C_{NJ}^{(1)}(X)=1$ , $C_{NJ}^{(2^{n})}(X)\leq C^{n}=(C_{NJ}(X))^{n}$ for $n\in \mathbb{N}$ . $\blacksquare$
1 $($ [10, Theorem 3 $(ii)])$ $1\leq p\leq 2$ , $L_{p}$ ,
$C_{NJ}^{(n)}(L_{p})=n^{\frac{2}{p}-1}$ .
2 Banach $X$ ,
$\tilde{C}_{NJ}(X)=\tilde{C}_{NJ}(X^{*})$
.
, $\tilde{C}_{NJ}(X)\geq\tilde{C}_{NJ}(X^{*})$ . $X$ Banach $Y$
$X^{*},$ $Y^{*}$ ,








, $X\subset x**$ $\tilde{C}_{NJ}(X)\leq\tilde{C}_{NJ}(X^{**})$ . ,
$\tilde{C}_{NJ}(X)=\tilde{C}_{NJ}(X^{*})(=\tilde{C}_{NJ}(X^{**}))$ .
$\blacksquare$
$C_{NJ}(X)=C_{NJ}(X^{*})$ ([14, Lemma 2]) , .
1 Banach $X$ , $\tilde{C}_{NJ}(X)=C_{NJ}(X)$ $\tilde{C}_{NJ}(X^{*})=C_{NJ}(X^{*})$
.
3 $L_{p}$ . $1\leq p\leq\infty$ ,
$\tilde{C}_{NJ}(L_{p})=C_{NJ}(L_{p})=2^{\frac{2}{t}-1}$
. , $t= \min\{p,p’\},$ $1/p+1/p’=1$ .
, $1\leq p\leq 2$ , . Clarkson
$\tilde{C}_{NJ}(L_{p})\leq C_{NJ}(L_{p})=2^{2/p-1}$ .
$L_{p}$ Banach $X$ , , $M>0$
, $n\in \mathbb{N}$ ,
$M\cdot C_{NJ}^{(n)}(X)\geq C_{NJ}^{(n)}(L_{p})$ .
. 1, 1
$M(C_{NJ}(X))^{n}\geq M\cdot C_{NJ}^{(2^{n})}(X)\geq C_{NJ}^{(2^{n})}(L_{p})=2^{2n/p-n}$ .




. , $2^{2/p-1}\leq C_{NJ}(X)$ . $X$ , $2^{2/p-1}\leq\tilde{C}_{NJ}(L_{p})$
. , $1\leq p\leq 2$ ,
$\tilde{C}_{NJ}(L_{p})=C_{NJ}(L_{p})=2^{2/p-1}(=2^{2/t-1})$
.





. Banach type, finitely representability Maurey-Pisier
[12] , .
2 .
$X,$ $Y$ Banach . Banach $Y$ $X$ nitely representable $(Y$ is f.r.
in $X)$ , $\lambda>1$ $Y$ $Y_{0}$
$Y_{0}$ $X$ $T$ :
$\lambda^{-1}\Vert y\Vert\leq\Vert Ty\Vert\leq\lambda\Vert y\Vert$ $(\forall y\in Y_{0})$ .
$1<p\leq 2$ . $M$ $s(1\leq s<\infty)$ , $x_{1},$ $\cdots,$ $x_{n}\in X$
$( \frac{1}{2^{n}}\sum_{\theta_{j}=\pm 1}\sum_{j=1}^{n}\theta_{j}x_{j}S)^{1/s}\leq M(\sum_{j=1}^{n}\Vert x_{j}\Vert^{p})^{1/p}$
, $X$ type $p$ . , $p(X)= \sup${$p$ : $X$ is of type $p$} .
[ 3 ] , $\tilde{X}$ $L_{p}$ Banach , $p(L_{p})=p$
, $p(\tilde{X})=p$ . Maurey-Pisier([12]) , $\ell_{p}$ $\tilde{X}$ finitely representable
$2^{2/p-1}=C_{NJ}(l_{p})\leq C_{NJ}(\tilde{X})$ . , $\tilde{C}_{NJ}(L_{p})=2^{2/p-1}$ $\blacksquare$




, $X=( \sum_{n=1}^{\infty}\oplus X_{n})_{p_{2}}$ ( $\{X_{n}\}_{n=1}^{\infty}$ $P_{2}$ - ) . , $\tilde{C}_{NJ}(X)=t$ $\rangle$
$X$ Banach $\tilde{X}$ $t<C_{NJ}(\tilde{X})$ . ,
$\tilde{C}_{NJ}(X)<C_{NJ}(X)$ .
$n\in \mathbb{N}$
$\tilde{C}_{NJ}(X)$ $=$ $\tilde{C}_{NJ}(((\sum_{k=1}^{n}\oplus X_{k})_{\ell_{2}}\oplus(\sum_{k=n+1}^{\infty}\oplus X_{k})_{\ell_{2}})_{\ell_{2}})$
$=$ $\max\{\tilde{C}_{NJ}((\sum_{k=1}^{n}\oplus X_{k})_{\ell_{2}}),\tilde{C}_{NJ}((\sum_{k=n+1}^{\infty}\oplus X_{k})_{\ell_{2}})\}$ ( $\cdot.\cdot[13$ , Corollary 2.4])
$\leq$ $\max\{\tilde{C}_{NJ}((\sum_{k=1}^{n}\oplus X_{k})_{\ell_{2}}),$ $C_{NJ}(( \sum_{k=n+1}^{\infty}\oplus X_{k})_{\ell_{2}})\}$ .
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$( \sum_{k=1}^{n}\oplus X_{k})_{\ell_{2}}$ , Hilbert $\tilde{C}_{NJ}((\sum_{k=1}^{n}\oplus X_{k})_{p_{2}})=1$ .
, [13, Lemma 2.3] (lII) ,
$\lim_{narrow\infty}C_{NJ}((\sum_{k=n+1}^{\infty}\oplus X_{k})_{\ell_{2}})=\lim_{narrow\infty}\{\sup_{m\geq n+1}C_{NJ}(X_{k})\}=t$ .
,
$\tilde{C}_{NJ}(X)\leq t$ . (1)
$X$ $\tilde{X}$ , $t<C_{NJ}(\tilde{X})$ . $X_{n}$
$\tilde{X}_{n}$ , $M>0$ , $m,$ $n\in \mathbb{N}$
$C_{NJ}^{(m)}(\tilde{X}_{n})\geq M\cdot C_{NJ}^{(m)}(X_{n})$ (2)
.
$(C_{NJ}(\tilde{X}))^{m}$ $\geq$ $(C_{NJ}(\tilde{X}_{n}))^{m}$ $(\cdot.\cdot\tilde{X}\supset\tilde{X}_{n})$
$\geq$ $C_{NJ}^{(2^{m})}(\tilde{X}_{n})$ ( $\cdot.\cdot$ 1)





$=$ $M \sup_{m,n\in N}\frac{C_{NJ}^{(2^{m})}(X_{n})}{t^{m}}$
$=$ $\infty$ . ( $\cdot.\cdot$ (Il))
, $\frac{C_{NJ}(\tilde{X})}{t}>1$ , , $t<C_{NJ}(\tilde{X})$ . , (X
Banach ) $\tilde{X}$ ,
$t\leq\tilde{C}_{NJ}(X)$
.
(1) , $\tilde{C}_{NJ}(X)=t$ . $\blacksquare$
, 4 $($ I), (II), (III) .
$1\leq t<2$ . $t=2^{2/p-1}$ $P$ . , $1<P\leq 2$
. , $1\leq p_{1}<p_{2}<\cdots\nearrow P$ $\{p_{n}\}$ . $n$
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, $e_{1}=(1,0, \cdots, 0),$ $\cdots,$ $e_{n}=(0, \cdots, 0,1)$ $x_{i}=e_{i}$
$(1\leq i\leq n)$ , .
$C_{NJ}^{(n)}(l_{p}^{n})\geq n^{\frac{2}{p}-1}$ .
,
$C_{NJ}^{(2^{m})}(\ell_{p_{n}}^{2^{m}})\geq 2^{\frac{2m}{Pn}-m}=2^{(\frac{2}{p_{n}}-\frac{2}{p})m}\cdot t^{m}$ for $n,$ $m\in \mathbb{N}$ .
, $n$ , $\frac{2}{p_{n}}-\frac{2}{p}>0$ , $m$ , $2^{(\frac{2}{pn}-\frac{2}{p})m}\geq n$
. ,
$C_{NJ}^{(2^{m})}(l_{p_{n}}^{2^{m}})\geq n\cdot t^{m}$
. , $n$ $m$ , $a_{n}=m$ .
$\{a_{n}\}$ Banach $X_{n}$ :
$X_{n}=\ell_{p_{n}}^{2^{a_{n}}}$ .
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